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Abstract

This paper reports some observations on the behaviour of a segregated particle bed consisting of a
mixture of small and large particles in the transverse plane of a rolling mode rotating drum. A non-invasive
positron emission particle tracking (PEPT) technique was used to follow the trajectories of different sized
particles. A two-dimensional mathematical model based on the Eulerian approach and the thin layer ap-
proximation was developed to simulate solids motion and concentration distribution of different sized
particles. It is shown that the bed structure for a binary mixture is similar to that for mono-sized particles,
i.e. two-region structure consisting of a relatively thin ‘active’ region and a ‘passive’ region near the drum
wall where particles move as a rigid body. At low rotational speeds, the velocity difference between small
and large particles of a binary system is negligible in both the active and passive regions. At relatively high
rotational speeds, the velocity difference is small in the active region and negligible in the passive region.
Radial occupancy data suggest that small particles tend to concentrate in the core region, whereas large
particles tend to occupy the shell region, in good agreement with model predictions. Axial occupancy data
reveal that the axial particle mobility increases with drum rotational speed, and the mutual diffusivity of
small particles is higher than that of large particles. It is also shown that the turnover time ratio of small to
large particles is almost independent of concentrations of small particles under the conditions of this
work. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Rotating drums play an important role in processing granular materials in the chemical,
metallurgical, food and pharmaceutical industries, in which they are used to perform mixing,
drying, heating and chemical reactions. However, a mixture of granular materials with different
physical properties such as size, density, shape, roughness and resilience, tends to segregate
(Williams, 1976). Such a phenomenon may have a significant impact on heat and mass transfer,
and chemical reactions, and hence the productivity and product quality. Although the concept of
rotating drums is simple, solids motion in such devices is very complicated, and six modes have
been observed (Henein et al., 1983). With increasing rotational speed, they are slipping, slumping,
rolling, cascading, cataracting and centrifuging modes. Particle segregation is expected to occur in
all of these modes. As the rolling mode is often employed in industrial operations, this work is
focused on this mode.
A considerable amount of experimental work on particle segregation in partially filled rotating

drums has been carried out in the last few decades. The main conclusions can be summarised as
follows:

1. Segregation occurs in both the radial and axial directions. Axial segregation proceeds slowly
(usually after several hundred or even ten thousand drum revolutions), while radial segrega-
tion takes place rapidly (often within several drum revolutions); see for example, Donald
and Roseman (1962), Rogers and Clements (1971), Henein (1987), Pollard and Henein
(1989), Wightman and Muzzio (1998).

2. In the transverse plane, fine, rough and dense particles are found by most workers to concen-
trate in the core region of the bed (Pollard and Henein, 1989; Rogers and Clements, 1971).
However, Wightman and Muzzio (1998) observed a different phenomenon, namely, large par-
ticles concentrate in segregated cores. For axial segregation, alternate bands of coarse and fine
particles have been observed (Donald and Roseman, 1962; Rogers and Clements, 1971; Aran-
son and Tsimring, 1999a,b).

3. Segregation in the transverse plane occurs mainly through percolation, random sieving and ex-
pulsion, and trajectory mechanisms (Nityanand et al., 1986; Savage and Lun, 1988; Boateng
and Bar, 1996), while the mechanism for axial segregation is still unclear. Bridgwater et al.
(1985) and Hill and Kakalios (1995) attributed the axial segregation to the difference in repose
angles of different sized particles, namely, the so-called trajectory mechanism. This mechanism,
however, seems unable to explain the reversible process of the axial segregation.

4. There are some controversies regarding the kinetics of radial segregation. The results of Rogers
and Clements (1971) and Cantelaube et al. (1997) showed that the kinetics of segregation was
first-order, while Nityanand et al. (1986) observed a zeroth-order kinetics. Little work has been
found in the literature on the kinetics of the axial segregation (Das Gupta et al., 1991; Nakag-
awa, 1994).

In parallel with the experimental work, mathematical modelling has also been carried out
aiming at understanding the kinetics and mechanisms of particle segregation. These studies can be
classified into the following two categories. The first category is the application of the Eulerian
method, which treats the granular material as a continuum. The models of this category can be
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divided further into two subcategories, namely, the stochastic diffusion model for axial direction
segregation (Fan and Shin, 1979; Kudrna and Rochowiecki, 1988; Kudrna et al., 1992), and the
continuous model for radial segregation (Boateng and Bar, 1996; Levitan, 1998; Aranson and
Tsimring, 1999a,b; Puri and Hayakawa, 1999). The second category is the application of the
Lagrangian approach (e.g. discrete element method and cellular automata), see for example
Walton and Braun (1993), Yamane (1997), Cleary et al. (1998) and Ktitarev and Wolf (1999).
These models help with interpreting some experimental observations. However, quantitative
agreement between the model predictions and experiments has been rare in the published work.
The objectives of this work were focused on understanding solids motion and particle con-

centration distribution of a segregated bed in the transverse plane of a rotating drum operated in a
rolling mode, and the effect of segregation on the macroscopic behaviour of the particle bed. A
two-dimensional mathematical model based upon the Eulerian approach and the thin layer ap-
proximation was developed to investigate radial segregation. The model considered a horizontally
positioned drum loaded with a binary mixture of small and large particles with identical density.
The drum is operated in batch and in a rolling mode. A non-invasive positron emission particle
tracking (PEPT) technique was used to follow particle motion and to validate the model. As radial
segregation occurs rapidly, followed by a very slow axial segregation, the results of the two-
dimensional model are expected to be applicable to cases where axial segregation has not occurred
to an appreciable extent.
In Section 2, formulation of the two-dimensional model is presented. Details of the experi-

mental work are given in Section 3. The results of experiments and model predictions are pre-
sented and discussed in Section 4, whereas the main conclusions are summarised in Section 5.

2. Theoretical

2.1. Formulation of the segregation model

Consider a horizontally positioned drum with less than 50% volumetric fill of a binary mixture
of small and large particles of identical density (Fig. 1). The drum is operated in batch. Assuming
that (a) convection and diffusion in the axial direction (z) are negligible due to batchwise oper-
ation; (b) the binary mixture is an incompressible continuum and small and large particles can
penetrate through each other; and (c) the bulk velocity distribution does not change with con-
centration of small particles, then a mass balance on the small particles gives (Fig. 1)
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where Cf is the concentration of small particles, u and v are respectively, x- and y-wise components
of the bulk velocity, up and vp are percolation velocities of small particles in x- and y-directions,
respectively, and Di is diffusivity of fines in ith direction due to random motion (i ¼ x; y). The
fourth and fifth terms in the left-hand side of Eq. (1) are due to percolation (Gibilaro and Rowe,
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1974; Dolgunin and Ukolov, 1995; Boateng and Bar, 1996). The consequence of the assumptions
leading to Eq. (1) will be taken up later on.
Eq. (1) is similar to but different from that obtained by Boateng and Bar (1996). In their

derivation, the diffusivity and percolation velocity are assumed to be constant. As will be shown in
the following, both the parameters are functions of shear rate (velocity gradient), the assumption
made by Boateng and Bar (1996) is therefore only applicable to cases of linear velocity distri-
bution. Solution to Eq. (1) requires (a) the bulk velocities u and v, (b) the percolation velocities up
and vp, and (c) the diffusivities Dx and Dy . These parameters will be discussed in the following
sections.

2.1.1. Flow model for the bulk velocity
In theory, the bulk velocity can be obtained from the overall mass, momentum, and pseudo-

energy equations:

dq
dt

þ qr 	~uu ¼ 0; ð2Þ

q
d~uu
dt

¼ q~gg �r 	~pp; ð3Þ

3

2
q
dT
dt

¼ �~pp : r~uu�r 	~qq� c; ð4Þ

where q is the bulk density of the granular material, ~uu is the velocity vector, ~pp is the pressure
tensor, T is the granular temperature, ~qq is the pseudo-energy flux due to conduction, c is the
energy dissipation due to inelastic particle collisions, and g is the acceleration due to gravity.
However, solution to Eqs. (2)–(4) is often too complicated for design purposes as the available
constitutive equations for ~pp, ~qq, and c are very complicated in most practical cases and involve

Fig. 1. Schematic diagram of a rotating drum and control volume for model formulation.
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many assumptions which are not always applicable to solids motion in rotating drums, see for
example, Cowin (1974), Savage and Jeffrey (1981), Haff (1983), Jenkins and Savage (1983), Lun
et al. (1984), Johnson and Jackson (1987), Savage and Hutter (1989), Anderson and Jackson
(1992), Richman and Oyediran (1992), and Savage (1998). As a consequence, development of
relatively simple models is required, which should be able to catch the main features of solids
motion in rotating drums. For rotating drums filled with mono-sized particles and operated in a
rolling mode, bed material can be divided into two regions in the transverse plane, namely, a thick
‘passive’ region near the drum wall and a relatively thin ‘active’ region in the upper part of the bed
(Fig. 1(b)). In the passive region, particles move as a rigid body, and mixing and segregation are
virtually negligible if the size ratio of small to large particles is larger than a critical value for the
spontaneous percolation (0.1547, Bridgwater et al., 1985; Savage and Lun, 1988). As will be
shown in Section 4, the two-region bed structure is also true for a binary mixture of small and
large particles. As a consequence, the particle bed in the passive region can be described by the
rigid body model. Solids mixing and segregation mainly occur in the active region where particles
cascade down. As the active region is thin compared with the chord length, a thin layer ap-
proximation can be used to describe solids motion in this region, see for example, Khakhar et al.
(1997), Elperin and Vikhansky (1998), Boateng (1998), and Ding et al. (2001a). Such an ap-
proximation has been shown to be able to provide a substantial simplification to the solution
procedure without losing much accuracy (Boateng, 1998; Ding et al., 2001a). Due to different
assumptions used by these workers, the resulting governing equations are different. The following
integro-differential mass and momentum equations obtained by Ding et al. (2001a) for the steady-
state batchwise operations is used in this work (see Appendix A for derivations):

d

dx

Z d

0

udy ¼ x ðL
�

� xÞ � ðhþ dÞdd
dx

�
; ð5Þ

d

dx

Z d

0

u2 dy ¼ x2ðhþ dÞ ðh
�

þ dÞ dd
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� ðL� xÞ
�
þ g cos nðtan n � tanbÞd; ð6Þ

where L is the half-chord length, h is the shortest distance between the drum centre and the bed
surface, x is the drum angular velocity, d is the active layer depth, n is the dynamic repose angle
(Figs. 1(b) and 2(a)), and b is the internal frictional angle. In the derivation of Eqs. (5) and (6), the
following additional assumptions have been used: (a) bed surface is flat; (b) particles are non-
cohesive; and (c) the centrifugal force is negligible compared with gravitational action. Note that
Eqs. (5) and (6) only consist of the x-wise velocity, the y-direction velocity can be obtained from
the differential continuity equation (Eq. (2)).

2.1.2. Percolation velocity model
As mentioned earlier, particle mixing and segregation mainly occur in the active region where

particles cascade down the slope of the bed. This process bears some similarity to chute flows. As
a consequence, the segregation model developed by Savage and Lun (1988) for inclined chute
flows is adopted. This model considers the probability for forming a void in the underlying layer
of a particle with a size large enough to capture the particle. It only gives the percolation velocity
in the direction normal to the bed surface. In theory, percolation should occur in both x- and y-
direction. However, the mass flux due to x-direction convection is expected to be much higher
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than that due to percolation in this direction, up is therefore neglected. The net percolation ve-
locity vp determined by Savage and Lun (1988) has the following form:

vp ¼ vp0dpl
du
dy

� �
ð7Þ

with vp0 given by

vp0 ¼
4k2LT

M
N

� �
ð1þ grÞ

pð1þ gÞð1þ gr3Þ ð1þgÞð1þgr2Þ
ð1þgrÞ2 þ E

2

kAV

� 	
M
N

� �h i 	 DE; ð7aÞ

where

DE ¼ ðEb þ E � Em þ 1Þ exp �Eb � Em
E � Em

� 

� ðEa þ E � Em þ 1Þ exp

�
�Ea � Em
E � Em



: ð7bÞ

In Eqs. (7), (7a), and (7b), r ¼ dps=dpl, dpl and dps are sizes of the large and small particles, g is the
number ratio of small to large particles, Ea ¼ ð1þ gÞ=ð1þ grÞ, Eb ¼ ð1þ gÞr=ð1þ grÞ, E is the
mean void diameter ratio, kLT is a layer-thickness constant close to unity, and M=N , Em, and kAV
are constants depending on particle packing and have been given by Savage and Lun (1988). Eq.

Fig. 2. Bed structure of a rotating drum operated in a rolling mode (a), the active–passive interface (b), and the control

volume for flow model derivation (c).
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(7) suggests that the percolation velocity is a function of the velocity gradient across the shear
layer in the active region. As a consequence, vp is normally not a constant except for linear ve-
locity distribution.

2.1.3. Diffusion model
Due to shearing action, vigorous particle collisions may occur in the active region. The in-

stantaneous velocity of a particle can be considered to consist of a mean velocity plus a fluctuation
component. It is this fluctuation component that leads to the diffusive-like mass transfer. The
summation of squares of fluctuation components in x-, y-, and z-direction also defines the
granular temperature (see Eq. (4)). Theoretical work and experiments have shown that, in most
part of the active region, the mean velocity in the x-direction is about an order of magnitude
higher than that in the y-direction (see Section 4), and the shear rate du=dy is much higher than
dv=dx (Boateng, 1998). The diffusive action is therefore expected to be only significant in the y-
direction, and Dx in Eq. (1) is ignored in this work. According to the kinetic theory, Dy can be
given as

Dy ¼
1

2
k 	 v0; ð8Þ

where v0 is the fluctuation velocity in y-direction and k is the mean free path of particles. The mean
free path of particles can be approximated by the mean distance separating adjacent particles, s,
which can be in turn linked to the solid volumetric fraction of the bed (Shen and Ackermann,
1982; Dolgunin and Ukolov, 1995):

k � s ¼
ffiffiffiffiffiffi
p
3ms

3

r�
� 1

�
dav; ð8aÞ

where dav is the average particle size defined as

dav ¼ dplð1þ grÞ=ð1þ gÞ ð8bÞ
and ms is the solid volumetric fraction given as (Savage and Lun, 1988)
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Due to the thin nature of the active layer, the y-direction fluctuation velocity is approximated by
the following expression developed by Shen and Ackermann (1982) for uniform rectilinear shear
flows:

v0 ¼ lp
du
dy

ð8dÞ

with lp given by

lp ¼
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where CD is the drag coefficient due to interstitial fluid, ep is the restitution coefficient of particles,
qf is the density of interstitial fluid, qp is the material density of particles, and lp is the kinetic
friction coefficient. Eq. (8d) suggests that Dy is not a constant unless du=dy is constant (i.e. a linear
velocity distribution).

2.2. Initial and boundary conditions for Eq. (1)

Eqs. (1), (2), (5)–(7), (7a), (7b), and (8) can be solved under appropriate initial and boundary
conditions. As radial segregation usually occurs rapidly, i.e. a nearly steady state can be obtained
in a short period of time, steady-state solution is considered here. Considering the cases without
percolation and mixing in the passive region, the following boundary conditions suggested by
Boateng and Bar (1996) can be used for concentration of small particles:

At y ¼ 0 and y ¼ HwðxÞ for x 2 ð0; 2LÞ; Cfðx; yÞ ¼ 0; ð9Þ
where HwðxÞ is the bed depth at x (Fig. 2(a)). Further discussion on the boundary conditions for
the particle concentration will be given in Section 4. Solution of the flow model described in
Section 2.1.1 also requires boundary or interface conditions, which are given in the following (Fig.
2(a)):

y ¼ d; u ¼ �xðhþ dÞ ðsolid body motion at the active–passive interfaceÞ; ð9aÞ
y ¼ a; u ¼ 0 ðcorresponding to the flow reversalÞ; ð9bÞ
y ¼ 0; u ¼ us ðat the bed surfaceÞ: ð9cÞ

2.3. Solution to the governing equations

Eq. (1) is applicable to both passive and active regions, while Eqs. (5)–(7), (7a), (7b), and (8) can
only be used in the active region. In the passive region, vp ¼ Dy ¼ 0.

2.3.1. Solution to the flow model
In brief, the procedure to solve Eqs. (2), (5), and (6) consists of the following four steps (more

details are given in Appendix B, see also Boateng, 1998; Ding et al., 2001a):

• Step I: Select a suitable profile for u, usually, a polynomial or some other simple functions de-
duced from experiments. In this work, a second-order polynomial is adopted.

• Step II: Apply the boundary conditions, Eqs. (9a)–(9c) to the assumed form of the u profile to
obtain the coefficients of the polynomial, which are functions of d (active layer depth).

• Step III: Apply Eqs. (5) and (6) to obtain d and therefore u.
• Step IV: Apply Eq. (2) to obtain v.

Depending on the rheological properties of bed material and shear rate, the flow in the active layer
may mimic pseudo-plastic (indicated by slightly convex velocity profiles), Newtonian (linear ve-
locity profiles), or dilatant (concave velocity profiles) behaviour. As dilatant flows are observed in
most reported work on dry granular flows (Boateng and Bar, 1996; Ding et al., 2001a), only the
concave velocity profiles are considered in this work. For dilatant flows, two cases may arise
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depending on the value of ðdu=dyÞjy¼0. For drums loaded with spherical particles of relatively high
restitution coefficients (e.g. glass beads) and operated at low to medium rotational speeds, bed
dilation is small, ðdu=dyÞjy¼0 is approximately zero. In this case, the boundary condition Eq. (9c)
can be replaced by ðdu=dyÞjy¼0 ¼ 0 and the velocity u can be written as (see Appendix B for
derivation)

u ¼ xðhþ dÞ
1� K2

K2

�
� y

d

� 	2�
; ð10Þ

where a is the zero x-wise velocity position (Fig. 2(a)), K ð� a=dÞ is a parameter characterising the
rheological behaviour of granular material, which lies within 0.75–0.90 at x=ð2LÞ ¼ 0:10 to 0.90
for a mono-sized particle bed (Boateng, 1998; Ding et al., 2001a). Substitution of Eq. (10) into Eq.
(5), and considering d ¼ 0 at x ¼ 0, an analytical solution for d can be obtained (see Appendix B
for derivation):

d ¼ 1

3K2 þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ð1� K2Þð3K2 þ 1Þ Lx� x2

2

� �
þ 4h2

s"
� 2h

#
: ð10aÞ

Note that the above analytical solution holds even if the parameter K is a function of x.
For drums operated at relatively high rotational speeds, a slightly curved bed surface may

occur, and the surface cannot be regarded as a free surface if it is still assumed to be flat, i.e.
ðdu=dyÞjy¼0 6¼ 0 (Johnson and Jackson, 1987; Boateng, 1998). In this case, Eq. (9c) has to be used
and the following expression can be shown to give good approximation (see Section 4):

u ¼ us �
1þ K

K
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�
� K
1� K

xðhþ dÞ
�

y
d

� 	
þ us

K

�
� xðhþ dÞ

1� K

�
y
d

� 	2
; ð10bÞ

where us is the surface velocity and is determined experimentally. The derivation of Eq. (10b) is
given in Appendix B. Substitution of Eq. (10b) into Eq. (5) and application of the boundary
condition d ¼ 0 at x ¼ 0 gives

d ¼

8<
:� 3K � 1

K
us

�
þ 4� 3K

1� K
xh
�

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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4� 3K
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þ 12x2ð2Lx� x2Þ
1� K

s 9=
;
,

2
x

1� K

� 	
: ð10cÞ

Eqs. (10b) and (10c) can be simplified to give Eqs. (10) and (10a) if ðdu=dyÞjy¼0 is assumed to be zero.
Note again that Eq. (10c) holds even if the parameter K and surface velocity us are functions of x.

2.3.2. Solution to the segregation model
Eq. (1) is a strong nonlinear partial differential equation and can be solved when the bulk

velocity, percolation velocity and the diffusion coefficient are all determined a priori. The complete
solution has to relay on the numerical method. By using an upwind scheme, Eq. (1) can be dis-
cretised to give the following finite difference equations (Fig. 3):
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APCfP ¼ AECfE þ AWCfW þ ASCfS þ ANCfN þ b; ð11Þ
where Ai and b are given as

AE ¼ ½j0:0;�uEj�=Dx; ð11aÞ
AW ¼ ½j0:0; uWj�=Dx; ð11bÞ

AN ¼ ½j0:0; vNj�=Dy þ Dyn=ðDyÞ2; ð11cÞ

AS ¼ ½j0:0;�vSj�=Dy þ Dys=ðDyÞ2; ð11dÞ

AP ¼ jupj=Dxþ jvpj=Dy þ vPP 	 ð1� CfPÞ=Dy þ Dys=ðDyÞ2 þ Dyn=ðDyÞ2; ð11eÞ
bP ¼ VPN=Dy 	 CfN 	 ð1� CfNÞ: ð11fÞ

In Eqs. (11a)–(11f) ½ji; jj� denotes the maximum of i and j, jij stands for absolute value of i, Dx and
Dy are the mesh sizes in the x- and y-direction, and Dyi ði ¼ n and sÞ is the diffusivity at the in-
terface of neighbour grids (Fig. 3) and can be obtained from the harmonic average of values at the
main nodes.

2.3.3. Convergence criteria
The convergence criteria include: (a) the maximum difference in concentration of fine particles

between two consecutive iterations is less than 10�6; and (b) the total volume of fine particles in
the whole bed is conserved within 0.1%.

3. Experiments

The experimental system used in this work consisted of a drum and associated driving and
controlling unit (Fig. 4). The drum was placed horizontally between two c-ray detectors of the
newly equipped Birmingham positron camera. The detectors covered a field of � 600� 600 mm2,
and offered a spatial resolution of about 1mm and a time resolution of <10�3 s under the con-

Fig. 3. Mesh of the spatial domain for numerical solution to Eq. (1).
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ditions of this study. A detailed description of the PEPT technique can be found elsewhere (Parker
et al., 1993, 1997). But in brief, the PEPT technique makes use of a single radioactive tracer that
carries positrons. Positrons annihilate with local electrons. This results in emission of back-to-
back 511 keV c-rays. Detection of the pairs of c-rays enables the tracer location to be found by
triangulation. The accuracy of the PEPT experiments in terms of measured velocities is mainly
affected by particle velocity. For example, at a particle velocity of �1 m/s, the newly equipped
camera at Birmingham offers an accuracy of �5%. As particle velocity is much less than 1 m/s in
this work, the accuracy is expected to be better than 5%. As the PEPT technique only tracks one
particle at a time, it is suitable for steady or very slow unsteady processes.
Drums with 240 and 400 mm inner diameters and 1000 mm length were used in this work. The

cylindrical part of the drums was constructed with ‘Perspex’ acrylic glass. The inner walls of the
cylinders were coated with a layer of sandpaper (grit 36) to prevent slippage between bed material
and drum wall. The two end plates of the drum were made from aluminium, which were polished
to minimise the end wall effect. The 240 mm drum was used for both solids motion and segre-
gation studies, while the 400 mm drum was only used for solids motion studies.
Spherical glass beads with 1:5� 0:2 and 3:0� 0:2 mm diameter and a material density of

� 2900 kg=m3 were principally used in this work. For solids motion studies, 0.5 mm sand particles
were also used in several runs. The tracers were made from particles taken from the bulk, and
were activated by bombarding directly in the Birmingham in-house cyclotron: 16Oþ 3He ¼
18Fþ neutron. 18F decays by positron emission and has a half-life of �110 min. The particle
tracking in each experiment lasted 1–2 h.
The PEPT measurements yield a large amount of data in terms of tracer’s location as a function

of tracking time, which after processing give instantaneous particle velocity and occupancy (de-
fined as the ratio of the time that the tracer spends at a given position to the total tracking time).
The concentration data are obtained by normalising the occupancy data of different sized tracers
since a given position can only be occupied by either small or large particles at a given time. Due

Fig. 4. Schematic diagram of the experimental system.
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to long tracking time, a tracer passes each point many times. The reported velocity and occupancy
(concentration) data at a given point are therefore the average values at that point over the whole
tracking time.

4. Results and discussion

4.1. Surface shape and dynamic repose angle for a binary mixture––PEPT measurements

Experimental work with a binary mixture of small and large particles has been carried out at
drum volumetric fill of 14–26% and at rotational Froude number (Fr ¼ x2R=g, R-drum radius) of
4:34� 10�4 –1:2� 102. Fig. 5 shows the typical map of velocity vectors in the transverse plane
of the drum. A binary mixture of 20% 1.5 mm and 80% 3.0 mm glass beads was used in this run
and the tracer was 3.0 mm in diameter. It can be seen that the bed surface is essentially flat except
for the apex and the bottom end of the chord (C and C0 in Fig. 2(a)). From Fig. 5, the dynamic
repose angle can be calculated to be 27�, which is �1–2� higher than that for 1.5 mm glass beads
(mono-sized) in a 400 mm diameter drum (Ding et al., 2001a). The dynamic repose angle was also
found to be nearly independent of the rotational speed under the conditions of this study.

4.2. Velocity profiles and bed structure – PEPT measurements and model prediction

Fig. 6 shows the typical x-wise velocity profiles for a binary system of small and large particles
across the bed depth at various x positions. It can be seen that the difference in x-wise velocities
between the small and large particles is negligible at low drum rotational speed (Fig. 6(a)). At
relatively high rotational speeds, the velocity difference is small in the surface layer (<15%) and
negligible in the region near the drum wall (Fig. 6(b)). These results support the constant bulk

Fig. 5. Map of the velocity vectors for a binary mixture of 20% 1.5 mm and 80% 3.0 mm glass beads in a 240 mm drum

operated at 9.6 rpm: 3.0 mm tracer, 26% fill by volume.
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Fig. 6. Profiles of the x-wise velocity for small and large particles: PEPT measurements. (a) Low rotational speed, mid-

chord position; (b) relatively high rotational speed, various x positions.

Fig. 7. X-wise velocity profiles of large particles at several x positions showing a two-region bed structure.
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velocity assumption leading to the mathematical model described in Section 2. Fig. 6(a) also
suggests that ðdu=dyÞjy¼0 approaches zero at low rotational speeds and Eq. (10) can be used to
approximate x-wise velocity. This is in agreement with the results for mono-sized particles (Ding
et al., 2001a). At the higher rotational speed (Fig. 6(b)), ðdu=dyÞjy¼0 is not zero. This indicates that
Eq. (10b) has to be used to approximate the x-wise velocity profiles. The data points for small
particles shown in Fig. 6 are limited to the core region of the particle bed, as little data were
obtained in the outer shell region due to segregation. This lends support to the boundary con-
ditions given by Eq. (9).
Fig. 7 shows the typical velocity profiles of large particles of a binary mixture at several x

positions. It can be seen that a straight line from the drum centre goes through the data points
near the drum wall. This indicates a two-region structure similar to that of a mono-sized particle
bed, i.e. a ‘passive’ region near the drum wall where particles move as a rigid body, and an ‘active’
region. Fig. 7 also suggests that the active region is thin compared with the chord length of bed
surface. The active region is not really ‘thin’ compared with the bed depth, which may account for

Fig. 8. Y-direction velocity of large particles at the bed surface and comparison with x-wise surface velocity. (a) Y -wise
velocity at the bed surface; (b) comparison of x- and y-direction velocity at the bed surface.
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over 50% of the bed depth, see Figs 6 and 7, where the active layer depth is indicated. It seems that
the relative depth of the active region for binary system is larger than that for mono-sized systems,
see Ding et al. (2001a) for data with mono-sized particles.
Fig. 8 shows the y-direction velocity profiles at the bed surface. In general, y-direction velocity

is positive in the first half of the chord length and negative in the second half (Fig. 8(a)). Y-di-
rection velocity is less than 15% of the x-wise velocity at x=ð2LÞ ¼ 0:1 to 0.9 (Fig. 8(b)).
It is interesting to compare the surface velocity of a rolling bed under different conditions. Fig.

9 shows the results for glass beads and sand. The results have been normalised in terms of the
velocity at the mid-chord position (x ¼ L). Two lines are parabolic functions of different powers –
dashed line: us=um ¼ 1� ð1� x=LÞ2, solid line: us=um ¼ ½1� ð1� x=LÞ�2. It can be seen that the
shape of surface velocity profile for sand is different from that for glass beads, in particular in the
‘first half’ with the velocity profile for sand more flat. For glass beads, the surface velocity profile
is symmetrical at low drum rotational speeds, but becomes more skewed towards to the ‘second
half’ at higher rotational speeds. For sand particles, the ‘first half’ of the surface velocity profile
cannot be represented by any of the two parabolic functions given above. This paper mainly deals
with glass beads. Fig. 9 suggests that the dashed line fit the first half, whereas the solid line fit the
second half of the experimental data points with glass beads reasonably well. Both the parabolic
functions are therefore used in the flow model (Eq. (10b)). Such a treatment is expected to be more
general.
Fig. 10 compares the predicted x-wise velocity and PEPT measurements at several x positions.

In this figure, Eq. (10b) is used. It can be seen that good agreement has been achieved. Fig. 10 also
suggests (indirectly) a good agreement between the model predictions and PEPT measurements of
the active layer depth. At x=2L ¼ 0:5, the measured active layer depth is 0.044 m for 240 mm drum

Fig. 9. Surface velocity profiles: (A) 240 mm drum, 26% fill of binary mixture of 20% 1.5 mm and 80% 3.0 mm glass

beads, 9.6 rpm; (B) 400 mm drum, 7% fill of 1.5 mm glass beads, 0.8 rpm; (C) 240 mm drum, 14.7% fill of 3.0 mm glass

beads, 7.5 rpm; (D) 400 mm drum, 30% fill of 0:5� 0:1 mm sand particles, 2 rpm; (E) Parabolic function

us=um ¼ 1� ð1� x=LÞ2; (F) Parabolic function us=um ¼ ½1� ð1� x=LÞ2�2=3.
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filled with 26% by volume of a binary mixture of 20% 1.5 mm/80% 3.0 mm glass beads and
operated at 9.6 rpm, whereas the model predicted value is 0.0455 m. The difference is less than
3.5%.

4.3. Occupancy plot – PEPT measurements

As the PEPT technique involves the tracking of a single radioactive tracer, a parameter called
occupancy has been proposed, which has been defined in Section 3. As mentioned in Section 3, the
occupancy can be regarded as an indication of (and can be transformed to) the volumetric fraction
of particles having the same size as the tracer.

Fig. 10. Comparison between model predictions and PEPT measurements: x-wise velocity.

Fig. 11. Occupancy plots for (a) small and (b) large tracers in the transverse plane (20% 1.5 mm/80% 3.0 mm glass

beads, 240 mm drum, 26% fill, 9.6 rpm, the numbers on the grey scale are occupancy data). (a) 1.5 mm tracer; (b) 3.0

mm tracer.
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Typical occupancy plots of small and large tracers for a binary system in the transverse plane
are shown in Fig. 11. A clear core-shell structure can be seen, which suggest small particles tend to
occupy the core region of the bed (Fig. 11(a)), while large particles spend most of their time in the
shell region (Fig. 11(b)). Fig. 11 also reveals a gradual change in the occupancies of both small
and large tracers from the core to shell regions, an indication of diffusive-like mixing. The core-
shell structure is bad for mixing operations but is not necessarily bad in terms of net effect in
processes involving both heat transfer and chemical reactions. For example, in limestone calci-
nation process, small particles react faster than larger ones at a given temperature. Due to seg-
regation, small particles concentrate in the core region and they have little chance of reaching the
bed surface where intensive heat transfer occurs. As a consequence, the temperature of small
particles is lower than that of larger ones, which counteracts the fast reaction due to their smaller
size. This suggests that a more uniform calcination of all particles could be achieved by using the
segregation process.
Shown in Fig. 12 is the axial distribution of the occupancy for the small and large tracers. At

the lower rotational speed (Fig. 12(c)), the tracer movement is restricted in a rather narrow range,
indicating that the diffusion in the axial direction is very small. The range of tracer movement and

Fig. 12. Axial direction occupancy plots of small and large tracers: 20% 1.5 mm/80% 3.0 mm glass beads, 240 mm

drum, 26% fill (the numbers on the grey scale are occupancy data). (a) 1.5 mm tracer, 9.6 rpm, tracking time¼ 4339 s;

(b) 3.0 mm tracer, 9.6 rpm, tracking time¼ 4832 s; (c) 1.5 mm tracer, 1.8 rpm, tracking time¼ 4548 s.
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hence the axial direction diffusion coefficient increases with rotational speed (Fig. 12(a)). If the
axial direction movement of particles follows a random walk, then the diffusion coefficient (Dz)
can be estimated by

Dz ¼
1

2

X ðDzÞ2

Dt
; ð12Þ

where ðDzÞ2 is the mean square displacement of particles in the axial direction, Dt is the time
interval. From the PEPT data, Dz is estimated at 10

�5 m/s for 1.5 mm tracer at 9.6 rpm, 3:0� 10�6

for 3.0 mm tracer at 9.6 rpm, and 1:8� 10�6 m2=s for 1.5 mm tracer at 1.8 rpm. The magnitude of
these data is comparable with the results of mono-sized particles obtained by Koga et al. (1980),
Hirosue (1980), and Parker et al. (1997) for rotation drums, and with Hwang and Hogg (1980) for
chute flows. However, it is unclear if such a comparison is legitimate as binary mixtures are
considered in this work. Moreover, the dependence of diffusion coefficient on particle size for
binary systems is contrary to the results of Hirosue (1980) and Parker et al. (1997) who studied
axial diffusion of mono-sized particles in rotating drums and found that the diffusion coefficient
increased with particle size. Their results also appear to agree with the theoretical expression for
particle self-diffusivity (Ds) in single-species granular flows (Hsiau and Hunt, 1996):

Ds ¼
dp

ffiffiffiffiffiffi
pT

p

8ðep þ 1Þmsg0ðmsÞ
; ð12aÞ

where

g0ðmsÞ ¼ ð1� ms=mmÞ�2:5mm ð12bÞ

with mm the maximum shearable solid volumetric fraction. The results obtained in this work are
for binary system and are therefore the mutual diffusivities. Hsiau (2000) also derived an ex-

Fig. 13. Typical concentration distribution of small particles in the transverse plane: model prediction (for comparison

purposes, measured positions of peak concentration of small particles are also included as circles).
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pression for the mutual diffusivity, which is in inversely proportional to the square of the average
particle diameter. More work is required in this aspect.
The non-uniform occupancy distribution in the axial direction is an indication of axial direction

segregation. However, the highest occupancy of small tracers still occurs in the middle part of the
bed, corresponding to the radial direction segregation. This suggests that axial direction segre-
gation has not occurred to an appreciable extent under the conditions of these runs, possibly
because the tracking time was less than 2 h and the total revolutions were less than 100–200, which
may be not long enough to generate steady-state bands (Nakagawa, 1994).

4.4. Concentration distribution of small particles – model prediction and PEPT measurements

Fig. 13 shows the predicted y-direction concentration distributions of small particles in several
x positions. The open circles in the figure represent the measured positions of the peak concen-
tration of small particles. It can be seen that there exists a core region with high concentration of
fine particles. The peak concentration is lower and the concentration distribution is more diffusive
at high rotational speeds. This may be due to high diffusivity at high rotational speeds. The peak

Fig. 14. Comparison between modelling and experiments – 2.04 rpm: (a) and (c) for small particles; (b) and (d) for large

particles.
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concentration occurs at y=HwðxÞ � 0:4 when x=ð2LÞ � 0:1 to 0.9, which agrees well with most
experimental observations, see for example, Pollard and Henein (1989) and Rogers and Clements
(1971). The small jerk in the right-hand side of the concentration peak is due to the active–passive
interface where the diffusivity and percolation velocity are taken as zero.
Comparison between model predictions and PEPT measurements is shown in Figs. 13–15. In

Figs. 14 and 15, C and O denote concentration and occupancy, respectively, subscripts f and L
stand for small and large particles, and m denotes the maximum in a given x position. Reasonably
good agreement can be seen for both the small and large particles in terms of the peak concen-
trations. However, there are considerable discrepancies in positions near the bed surface and
drum wall, which can be attributed to several sources. Firstly, the diffusion model, Eq. (8), which
contains two parameters, namely the mean free path of particles, and the fluctuation velocity. An
expression developed by Shen and Ackermann (1982) for uniform rectilinear shear flows was used
to calculate the fluctuation velocity. In the transverse plane of a rolling drum filled with a binary
mixture, the size of the active layer accounts for a significant portion of the bed depth as shown in

Fig. 15. Comparison between modelling and experiments – 9.6 rpm: (a) and (c) for small particles; (b) and (d) for large

particles.
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Figs. 6 and 7. This indicates that the flow in the cascading layer deviates considerably from
uniformly rectilinear flow. Another possibility is that the formulation of the diffusion model itself.
The diffusion model used in this work, Eq. (8), suggests that the diffusion is purely due to shearing
action. According to Hwang and Hogg (1980), the diffusivity of shear granular flows is a linear
function of shear rate which is not zero when the shear rate is zero. Secondly, the percolation
model, Eq. (7), which was developed for chute flows. Although solids motion in rotating drums
bears some similarity to chute flows, they are different, in particular in the ‘second half’ where
particles decelerate.

4.5. Turnover time for small and large particles in a binary system

The turnover time is defined as the time required to turn the whole particle bed over once. It
clearly has an important bearing on solids macroscopic mixing and heat transfer. A direct con-
sequence of particle segregation is that the turnover time for small particles may differ from that
of large particles. For mono-sized particles in both the slumping and rolling beds, bed turnover
time has been derived by Ding et al. (2001b). For a binary system, the overall bed turnover time
may also be determined in a similar way due to the weak dependence of the flow field on particle
concentration. In the following, the turnover times for small and large particles are derived.
Consider a differential element dld of the active–passive interface as shown in Fig. 2(b), the net

masses of small and large particles entering the active region through the interface per unit drum
length per unit time are, respectively, given as

dmeS ¼ Cfdqð~vvd 	~nnÞdld; ð13Þ

dmeL ¼ ð1� CfdÞqð~vvd 	~nnÞdld; ð13aÞ

where ~vvd is the velocity vector, Cfd is the concentration of small particles at the active–passive
interface, and~nn is the unit vector normal to the active–passive interface. In writing Eqs. (13) and
(13a), convection and diffusion in the axial direction of the drum and the radial direction diffusion
at the passive–active interface are ignored. As particles move as a rigid body in the passive region,
the x- and y-direction components of the velocity vector~vvd can be given as (see Appendix A.1)

ud ¼ �xðhþ dÞ; ð13bÞ

vd ¼ �xðL� xÞ: ð13cÞ

Combination of Eqs. (13), (13a)–(13c) gives

dmeS ¼ xq ðL
�

� xÞ � ðhþ dÞ dd
dx

� ��
Cfd 	 dx; ð14Þ

dmeL ¼ xq ðL
�

� xÞ � ðhþ dÞ dd
dx

� ��
ð1� CfdÞ 	 dx: ð14aÞ

Assume further that there is only one peak in y ¼ dðxÞ with the maximum depth, dm, occurring at
x ¼ L (mid-chord), then integration of Eqs. (14) and (14a) gives, respectively, the total net masses
of small and large particles entering the active region through the active–passive interface per
drum length per unit time:
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meS ¼
Z meS

0

dmeS ¼
Z L

0

xq ðL
�

� xÞ � ðhþ dÞ dd
dx

� ��
Cfd 	 dx; ð15Þ

meL ¼
Z meL

0

dmeL ¼
Z L

0

xq ðL
�

� xÞ � ðhþ dÞ dd
dx

� ��
ð1� CfdÞ 	 dx: ð15aÞ

Experimental results have shown that y ¼ dðxÞ has only one peak at positions close to the mid-
chord (Henein et al., 1983; Boateng and Bar, 1996; Ding et al., 2001a). Let ML be the drum
loading per unit length, which can be given as

ML ¼ q R2 arcsin
L
R

� ��
� Lh

�
: ð16Þ

Then the total times required to turn over small and large particles once are given as

ðtbrÞS ¼
MLCf0

meS

; ð17Þ

ðtbrÞL ¼ MLð1� Cf0Þ
meL

; ð17aÞ

where Cf0 is the average concentration of small particles in the bed. Eqs. (15), (15a), (16), (17), and
(17a) suggest that the bed turnover times of small and large particles are functions of drum ro-
tational speed, drum fill level through L and h, the active layer depth and the concentration
distribution. The active layer depth and the concentration distribution are unknowns and can be
obtained from the model described in Section 2. For mono-sized materials, Eqs. (17) and (17a)
reduce to the following form (analytical solution, Ding et al., 2001b):

tbr ¼ 2½R2 arcsinðL=RÞ � Lh�=½xðL2 � 2hdm � d2mÞ�: ð18Þ
For the 240 mm drum filled with 26% by volume the binary mixture of 20% 1.5 mm and 80% 3.0
mm glass beads, application of Eqs. (17) and (17a) gives the turnover time of ðtbrÞS ¼ 2:65 s,
ðtbrÞL ¼ 3:05 s at 9.6 rpm, and ðtbrÞS ¼ 11:9 s, ðtbrÞL ¼ 14:0 s at 2.04 rpm. It is also found that the
turnover time ratio of small to large particles is nearly independent of the concentration of small
particles. This seems to be a rather surprising result. In the following, an interpretation will be
given.
Considering the mass fluxes of small and large particles in the active region through the mid-

chord position (A–A0, Fig. 2(a)), one has

meS ¼
Z am

0

qCfudy; ð19Þ

meL ¼
Z am

0

qð1� CfÞudy; ð20Þ

where am is the zero x-wise velocity position at x ¼ L. From Fig. 13, the concentration of small
particles can be approximated by

Cf ¼ ðCfm=ymÞy; y 2 ½0; ym�; ð21Þ
where Cfm is the peak concentration of small particles at ðx; yÞ ¼ ðL; ymÞ, see Fig. 13. As ym is
approximately equal to am, substitution of Eqs. (10b) and (21) into Eqs. (19) and (20) gives
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meS ¼ qCfmKmdm
1

6

��
� Km

12

�
us þ

K2
m

12ð1� KmÞ
xðhþ dmÞ

�
; ð19aÞ

meL ¼ qCfmKmdm
1

2

���
� Km

6

�
� 1

6

�
� Km

12

�
Cfm

�
us þ

K2
m

1� Km

xðhþ dmÞ
1

6

�
� Cfm

12

�

;

ð20aÞ
where dm ¼ djx¼L, and Km ¼ Kjx¼L. Combination of Eqs. (17), (17a), (19a), and (20a) yields

ðtbrÞS
ðtbrÞL

¼ Cf0 2

"(
þ 2us
ð2� KmÞus þ K2

mxðhþ dmÞ=ð1� KmÞ
� Cfm

#),
Cfmð1� Cf0Þ: ð22Þ

As the term

2us
ð2� KmÞus þ K2

mxðhþ dmÞ=ð1� KmÞ
is not far from 1, Eq. (22) can be simplified further to give

ðtbrÞS
ðtbrÞL

¼ Cf0ð3� CfmÞ
Cfmð1� Cf0Þ

: ð22aÞ

Eq. (22a) provides an explanation to the very weak dependence of the bed turnover time on the
concentration of small particles as the first and second terms in both the numerator and de-
nominator compete with each other, e.g. an increase in Cf0 leads to an increase in Cfm, but a
decrease in both ð3� CfmÞ and ð1� Cf0Þ.

5. Conclusions

This paper is concerned with particle behaviour of a segregated bed in the transverse plane of a
rolling rotating drum. A binary mixture of small and large particles with identical density is
considered. The non-invasive PEPT technique is used to follow particle trajectories, from which
the velocity and occupancy profiles can be obtained. A two-dimensional mathematical model
based on the Eulerian approach and the thin layer approximation has been developed to simulate
particle segregation. Theoretical expressions for the bed turnover time in terms of small and large
particles are also derived. The following main conclusions are obtained:

• For a rolling drum loaded with a binary mixture of small and large particles, material bed can
be divided into two regions, namely, a relatively thin active region on the upper part of the bed
where particles cascade down, and a passive region near the drum wall where particles move as
a rigid body. This is similar to a rolling bed consisting of mono-sized particles.

• At low rotational speeds, velocity difference between small and large particles of a binary mix-
ture is negligible in both the active and passive regions. At relatively high rotational speeds, the
velocity difference is small in the active region and negligible in the passive region.

• Surface velocity data in the direction parallel to the bed surface fit parabolic functions of dif-
ferent powers in the first half and second half of the chord of the bed surface.
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• Surface velocity in the direction normal to the bed surface is less than 15% of that parallel to the
bed surface in most part of the active region.

• Small particles have a high occupancy in the core region of the bed, while large particles tend to
occupy the shell region.

• Axial mobility of particles increases with drum rotational speed. The mutual diffusivity of small
particles is higher than that of large particles, which is different from the reported data for self-
diffusion.

• The turnover time ratio of small to large particles is almost independent of concentrations of
small particles.

• The model predictions agree reasonably well with experiments in terms of the peak concentra-
tion positions.

• Future work should be focused on the development of more general models for particle diffu-
sion and percolation, and models for non-steady segregation process as well as experimental
verification of these models.
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Appendix A. Derivation of the flow model

A.1. Integro-differential mass balance equation

With reference to Fig. 2(c), considering the control volume 1–2–20–10 and unit drum length, a
mass balance gives

Mass flow out through 2–20 ¼ Mass flow in through 1–10; 10–20; and 1–2 ðA:1Þ
Mass flow in through 1–10:Z d

0

qudy: ðA:1aÞ

Mass flow out through 2–20:Z d

0

qudy þ d

dx

Z d

0

qudy
� �

dx: ðA:1bÞ

Mass flow in through 10–20:

qud
dd
dx

� �
dx� qvddx: ðA:1cÞ
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Mass flow in through 1–2 is zero (1–2 is bed surface). In Eqs. (A.1a)–(A.1c), ud and vd are the x-
direction and y-direction velocities at x ¼ x, y ¼ d, respectively. At x ¼ x, y ¼ d, particles move as
a rigid body with velocity xrd, where rd is the radius. Decomposition of this velocity into x- and y-
directions and considering the geometrical relations gives (Fig. 2(a) and (c))

ud ¼ �xrd 	 cos h ¼ �xðhþ dÞ; ðA:1dÞ
vd ¼ �xrd 	 sin h ¼ �xðL� xÞ: ðA:1eÞ

Inserting Eqs. (A.1a)–(A.1e) into Eq. (A.1) and assuming constant bulk density, one has

d

dx

Z d

0

udy ¼ xðL� xÞ � xðhþ dÞ dd
dx

;

which is Eq. (5) in the text.

A.2. Integro-differential momentum equation

Considering the same control volume (Fig. 2(c)), the momentum balance in the x-direction can
be given as

Momentum flow out�Momentum flow in ¼ Total force acting on the control volume

ðA:2Þ
Momentum flow in through 1–10:Z d

0

qu2 dy: ðA:2aÞ

Momentum flow out through 2–20:Z d

0

qu2 dy þ d

dx

Z d

0

qu2 dy
� �

dx: ðA:2bÞ

Momentum flow in through 10–20 due to x-direction flow

qx2ðhþ dÞ2 dd
dx

� �
dx: ðA:2cÞ

Momentum flow out through 10–20 due to y-direction flow

qx2ðhþ dÞðL� xÞdx: ðA:2dÞ
The total force acting on the control volume in the x-direction

qg sin n 	 dxd � Pxyjy¼ddx; ðA:2eÞ

where Pxy is the shear stress acting on the surface 10–20 in x-direction. In writing Eq. (A.2e), the
normal stress Pxx has been neglected. This is based on the dimensional analysis (Boateng, 1998).
For low and medium rotational speeds, the quasi-static contribution dominates so that the

Coulomb frictional law is applicable, i.e. Pxy ¼ Pyy tan n. Pyy can be simply stated as Pyy ¼
½�sgnðuÞ cos b�ðqgÞy. Combination of these results and Eqs. (A.2a)–(A.2e) yields
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d

dx

Z d

0

u2 dy ¼ x2ðhþ dÞ ðh
�

þ dÞdd
dx

� ðL� xÞ
�
þ g cos nðtan n � tan bÞd;

which is Eq. (6) in the text.

Appendix B. Derivations of Eqs. (10), (10a), (10b), and (10c)

Solution of the flow model consists of four steps, see Section 2.3.1 in the text. In the following,
the details are given. Firstly, assuming that the x-direction velocity u has the following form
(second-order polynomial):

u ¼ a0 þ a1y þ a2y2; ðB:1Þ
where ai (i ¼ 0 to 2) are the coefficients. Then, inserting the boundary conditions given in the text,
i.e. Eqs. (9a)–(9c), into Eq. (B.1):

�xðhþ dÞ ¼ a0 þ a1d þ a2d
2; ðB:1aÞ

0 ¼ a0 þ a1a þ a2a2; ðB:1bÞ
us ¼ a0: ðB:1cÞ

From Eqs. (B.1a)–(B.1c), the coefficient ai (i ¼ 0 to 2) can be obtained:

a0 ¼ us; ðB:1dÞ

a1 ¼ � 1þ K
K

us

�
� K
1� K

xðhþ dÞ
�

1

d

� �
; ðB:1eÞ

a2 ¼
us
K

�
� xðhþ dÞ

1� K

�
1

d

� �2

; ðB:1fÞ

where K ¼ a=d. Insertion of Eqs. (B.1d)–(B.1f) into Eq. (B.1) gives

u ¼ us �
1þ K

K
us

�
� K
1� K

xðhþ dÞ
�

y
d

� 	
þ us

K

�
� xðhþ dÞ

1� K

�
y
d

� 	2
;

which is Eq. (10b) in the text. At low rotational speeds, ðdu=dyÞjy¼0 ! 0. Application of this
condition to Eq. (B.1) gives

0 ¼ a1: ðB:1gÞ
Combination of Eqs. (B.1a), (B.1b), and (B.1g) yields

a0 ¼
xðhþ dÞ
1� K2

K2; ðB:1hÞ

a1 ¼ 0; ðB:1iÞ

a2 ¼ �xðhþ dÞ
1� K2

1

d

� �2

: ðB:1jÞ

Insertion of Eqs. (B.1h)–(B.1j) into Eq. (B.1) gives
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u ¼ xðhþ dÞ
1� K2

K2

�
� y

d

� 	2�
;

which is Eq. (10) in the text. Inspection of Eqs. (10) and (10b) suggests that there are two unknowns,
d and K, which can be obtained theoretically from the mass and momentum integro-differential
equations (5) and (6). Firstly, considering low drum rotational speeds, i.e. ðdu=dyÞjy¼0 ¼ 0, in-
serting Eq. (10) into Eqs. (5) and (6), one has

d

dx
3K2 � 1

3ð1� K2Þ
ðh

"
þ dÞd

#
¼ ðL� xÞ � ðhþ dÞ dd

dx
; ðB:1kÞ

d

dx
K4 � 2

3
K2 þ 1

5

ð1� K2Þ2
dðh

"
þ dÞ2

#
¼ ðhþ dÞ2 dd

dx
� ðhþ dÞðL� xÞ þ g cos nðtan n � tan bÞd=x2:

ðB:1lÞ
Solution to Eqs. (B.1k) and (B.1l) requires boundary conditions for both d and K. The boundary
condition for d can be simply stated as d ¼ 0 at x ¼ 0. Under this constraint, Eq. (B.1k) is in-
tegrated to yield

d ¼ 1

3K2 þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ð1� K2Þð3K2 þ 1Þ Lx� x2

2

� �
þ 4h2

s"
� 2h

#
;

which is Eq. (10a) in the text. For ðdu=dyÞjy¼0 6¼ 0, a similar procedure to the above leads to Eq.
(10c).
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